Field squeeze operators in optical cavities with atomic ensembles 
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We propose a method of generating unitarily single and two-mode field squeezing in an optical 
cavity with an atomic cloud. Through a suitable laser system, we are able to engineer a squeeze 
field operator decoupled from the atomic degrees of freedom, yielding a large squeeze parameter 
that is scaled up by the number of atoms, and realizing degenerate and non-degenerate parametric 
amplification. By means of the input-output theory we show that ideal squeezed states and perfect 
squeezing could be approached at the output. The scheme is robust to decoherence processes. 



PACS numbers: 03.67.Mn,42.50.Dv,42.50.Lc 



Squeezing can be defined, in a harmonic oscillator, 
as the reduction of quantum fluctuations in a certain 
quadrature below the vacuum level, at the expense of in- 
creasing them in its canonically conjugate variable 0. 
The possibility of manipulating quantum fluctuations 
was first noticed by Caves et al. Q , with the aim of pre- 
cision measurements. Since then, much effort has been 
devoted to it through theoretical proposals and experi- 
mental implementations Q. Recently, with the advent 
of quantum information and communication, entangled 
squeezed states of the electromagnetic field |4j have led 
to the realization of continuous variable teleportation || . 
Also, by improving the yet low squeeze parameters, it is 
expected that two-mode squeezed states will lead to effi- 
cient distribution of entanglement and implementation of 
quantum channels |(J. Two- mode (polarization) squeez- 
ing has already been realized by means of Kerr nonlin- 
earity in optical fibers and with cold atomic clouds in 
optical cavities ||- Recently, theoretical and experimen- 
tal developments relating atomic ensembles and quantum 
information devices, like entanglement and exchange 
of information between light and atomic states ^| , have 
raised justified expectations on related topics. However, 
to our knowledge, an effective and tunable field squeeze 
operator Q has not yet been proposed or realized. 

In this letter, we present a method that produces sin- 
gle and two-mode squeeze operators, decoupled from the 
atomic degrees of freedom, acting on a cavity contain- 
ing an atomic ensemble. The squeeze parameters scale 
up with the interaction time and with the number of 
atoms present in the interaction region of the cavity. 
This method shows to be robust against decoherence 
processes, like spontaneous emission, and does not re- 
quire strong coupling regime or strong atomic localiza- 
tion. Furthermore, we use the input-output formalism to 
show that it is possible to generate two-photon coherent 
states (or ideal squeezed states 0) and to approach 
perfect squeezing at the output field, allowing the study 



of their features in a wide range of parameters. 

Our model consists of an ensemble of N identical three- 
level atoms inside an optical cavity 0, 0] . For the sake 
of generality, we assume that the atoms occupy random 
positions (k = 1, ...,N) along the spatial distribution 
of two cavity modes, u a (r) and itb(r). Each atom in- 
teracts with these two quantized modes and with two 
properly tuned lasers, as sketched in Fig. 1, yielding a 
couple of independent Raman laser systems. The associ- 
ated Hamiltonian can be written as 



H = H + H n 
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Here, a (af) and b (tf) are the annihilation (creation) op- 
erators associated with two cavity modes, with frequen- 
cies u a and ojb, respectively. Atomic states \i) (i = 0, 1, 2) 
have Bohr frequencies uji and are coupled in two simulta- 
neous Lambda configurations |l4j . Atomic transitions 
|1) |0) and \2) <-* |0) are coupled through classi- 
cal fields with coupling constants Slki = ^r«i(i"fc) and 
fi/c2 = ^2 «2(i"/c), and also through the two cavity modes, 
b and a, with coupling constants gub = #6 "^(r^) and 
gka = g a u a {r k ), respectively. 

In the interaction picture, the associated Hamiltonian 
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reads 
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+ 5fcb |0) fc (1| be-^* + g* kb \l) k (0| fcV^t} , (4) 

where Aj = u>i — luq + 2/3, A,- = A^ — <5^ (i = 1,2), and 
also Ai = u)2 — l<jq + LJ a , A2 = Wi — cjo + ^6- We con- 
sider dispersive detunings { | ( A j — Aj ) | , | ( Aj — A j ) | , | ( A j — 
AjOUAiUAil} » {I^MptoUtoMfifciUn^l}, with 
i = 1,2 (i ^ j), k = 1, ...,N. Then, we eliminate adia- 
batically level |0) and obtain the effective Hamiltonian 



\9kb\ 2 ^ b , l"fei| 2 



A 2 



Ai 



|l) fc (l| 



Ifffeal 2 f |^fc2| 2 . , , 

+ I « fl + ) l 2 )fc ( 2 I 



^fclgfco t e -ii?it , 9kbM 



k2_f )e i8 2 t 



A! 

A2 Ai ' 



(•5) 



where <r k = |l) fe (2| and er^ = = |2)fc (1| are raising 
and lowering atomic operators, respectively. For sim- 
plicity, we have discarded terms that require an initial 
population of level |0). 

By making the unitary transformation e lAt / h ^ with 

A = H6(aia+tfb)+Hj2( l ^f- \l) h + |2} fc (2|), 

fe 1 2 

where S — {82 + 81) /2 , we obtain the new Hamiltonian 

H m = h{-8(a}a + tfb) + 
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Here, 4 - (<5 2 - «i)/2 + |r! fc2 | 2 /A 2 - |fi fc i| 2 /Ai, and 
flka = ^feiSfco/Ai, Ofej, = rJ^ 2 <7fcb/A 2 . 

We make now the unitary transformation e %v ^'' ft , with 

F(t) = -*^E fe ^fe + (e^-lJ/^ + Hx. , 

assuming » 1, |4| » |f2 fc6 |, ^ , 6}, 

and obtain 
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FIG. 1: Each three- level atom is driven with two classical 
fields, with frequencies v\ and V2, establishing a couple of 
Raman laser systems through two cavity modes. 
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where <r k = |l)fc(l| — |2)fc(2|. We assume that all atoms 
are initially in the ground state, IIfc|2)fe, which allows us 
to replace <rf by — 1 in Eq. JSJ . We require the condition 
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which can be easily satisfied by adjusting properly the 
classical field strengths £lki/Qk2 and the ratio Ai/A 2 . 
Then, up to a constant term, Hjy can be rewritten as 



Htv = H(SlaW + n*ba), 



(10) 



where = J2k ^ka^kb/°~k- Therefore, the time evolution 
operator in the Schrodinger picture reads 



U(r) ~ e- i#0T / a [/ ND (r), 



(11) 



where we made e lVlyt ^ h ~ 1, consistently with approxi- 
mations made before, and defined i7 = i?o + A and 
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Here, explicitly, £ = r ^ fc ^ki^k29t a 9t b / (SkAx A 2 ) is a 
squeeze parameter that scales with the number of atoms 
N, t being the interaction time. The time evolution oper- 
ator in Eq. 112fl is a unitary two-mode squeeze operator 
that is decoupled from the atomic degrees of freedom, 
producing two-mode squeezing on any initial field state. 
In particular, given that at room temperature an optical 
cavity field is in the vacuum state, a two-mode squeezed 
vacuum will be naturally produced. Eq. I|12fl corresponds 
to a physical implementation of a non-degenerate (ND) 
parametric oscillator in the domain of cavity QED and 
atomic clouds. Implementation of a degenerate (D) para- 
metric oscillator is straightforward if we consider mode b 
identical to mode a, yielding U D — a ~^ af \ 
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At this point, we will make some experimental con- 
siderations, stressing that each physical implementation 
will require specific adaptations. In fact, to assure 
a large squeezing in a fixed quadrature of the cavity 
mode, all atoms in the interaction volume should con- 
tribute coherently. Let us consider an optical cavity with 
cylindrical symmetry around the z-axis with u a (T k ) ~ 
sm{q a z k )f a { Pk )e im ^, u b (r k ) ~ sm{q b z k )f b (p k )e' mVk . 
We choose the classical fields to counterpropagate per- 
pendicular to the axis of the cavity, so as to warrant a 
coherent atomic contribution in the effective interaction 
volume when d\q a — qb\ *C 1 and w\vi — v?\/c <§; 1, d be- 
ing the beam widths and w ~ d the waist of the modes. 
These conditions relax the typical requirement of atomic 
localization inside a wavelength, and can be easily satis- 
fied, in general, if the two lower levels are separated by a 
small splitting compared to optical frequencies. 

We consider a low density vapor of 85 Rb in an optical 
cavity. The two lower levels |1) and |2) are the ground 
state (55*1/2) hyperfine levels (F = 2 and F = 3), sep- 
arated by 3GHz, while level |0) is the first excited state 
(5P3/2), yielding optical transitions of 780nm. Using the 
cavity parameters of Ref. fl5| . we have w ~ 35/im, ho- 
mogeneous laser beams of width d ~ 50/im, and an in- 
teraction volume of ~ 10 _7 cm 3 . We choose, for example, 
fikl ~ IOO5, fife 2 = fifci/10, A 2 = 2Ai, g a ~ g b = g, and 
dispersive condition Ai/Q k i — 100. These values and 
Eq. © are enough to estimate all relevant parameters, 
while satisfying strictly all requirements to derive Hiy of 
Eq. (fTn)l . In particular, we calculate S k = —(1 — l/400)g, 
5i = -3^/400, 8 2 = -g/80, 8 = -.9/100, an effective 
coupling £1 = —g/5, and N — 4 x 10 4 , corresponding 
to a density of < 10 12 /cm 3 (small enough to prevent 
coherence losses due to collisions). This is just a rather 
conservative set of parameters, for a chosen experimental 
setup from a wide range of possibilities. 

The maximal value of the squeeze parameter in 
Eq. |0, for the same example, is \£\ max ~ (|g|/5)r diss , 
with Tdiss = 1/ku, k being the cavity decay rate and 
n the mean number of cavity photons. Given that for 
squeezed vacuum n — sinh 2 (2|£|), and with a conserva- 
tive \g\/n ~ 5, the present scheme should be able to pro- 
duce field squeezing ~ 70%, which is a competitive value 
when compared with recent achievements |8(. However, 
as we will see in the second part of the manuscript, the 
condition |f2| = \g\/5 — k is enough to approach, theo- 
retically, perfect squeezing at the cavity output. 

The noisy effect of spontaneous emission will be negli- 
gible here, for typical values of individual atomic emission 
rate Y and in presence of a large number of atoms. It is 
possible to estimate that even for a high squeeze param- 
eter £, very few photons, N r ~ NY(tt k /A) 2 T diss < N, 
would be spontaneously emitted from the whole cloud. 
For the realistic parameters of our previous example, 
N r < K N ~ 4 x 10 4 . 

Now, we will concentrate on the squeezing properties of 



the outgoing cavity field. We recall that the output field 
that has been considered for diverse applications and can 
be measured through standard optical procedures [3] ■ 

We consider the input-output theory, successfully ap- 
plied to the study of the parametric amplifier , for the 
case of two cavity modes driven by the effective nonlin- 
ear interaction in Eq. I|12|) and by external (axial) laser 
fields. The classical fields drive cavity modes a and b with 
strengths e a and e b , respectively. We assume that each 
cavity mode interacts with an independent heat bath 
such that, in the Markov approximation, the following 
coupled Langevin equations are produced 



a = -ie* + — fet - ^-a - v^«oCin(*) 



SI 



,t 



Kb, 



K b d in (t). 



(13) 



Here, c; n (i) and di n (t) are annihilation operators associ- 
ated with the input fields, n a and n b are the cavity decay 
rates of modes a and &, and we have considered Q — > iQ/2 
(f2 real) to match standard notation [16|. Then, Eqs. 113(1 
can be rewritten as 



(14) 



where the transformations 



a + a 
b' + Po, 



(15) 



with ao = 2i(/t;,e* — fle b )/(fl 2 — n a K b ) and /3q = 2i(n a el — 
Jle a )/(J1 2 — K a K b ), have been realized. 

For the sake of convenience, we calculate the solutions 
of Eq. 114|) in frequency domain 
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(16) 



where x(uj) is the Fourier transform of each operator x(t), 
and a = K a — 2iuo and (3 = n b — 2ito. 

Following a standard procedure, and undoing the 
transformation of Eq. ifTBI) . the output fields can be de- 
termined as a function of the input fields |l6| , 

CoutM = - y/k~^ao6(u>) 

n 2 + a*/3 2Q^kJ t 
+ 7^2 ---J^ H + T-2 r^ d in(^). 



n 2 -af3 
dout(w) = - ^j r K b 'j3 8(ui) 
n 2 + a/3* 



+ 
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2il^/ K a Ki) 
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(17) 
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As suggested in 0, , two-mode field quadratures 
can be denned as X = [a + b + a f + 6 f ) /2 3/2 and Y = 



(a + b 



6^) /2 3 / 2 . From the solutions in Eq. 



(|17fl . we can calculate, at resonance, 



(AA out ) 2 = 



1/0+ y/KaKb 



4 \0 - ^/K a K, b 



(AF , 



1 /O - ^/K a K b 



4: \ + ^/K a K b 
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where (Al out ) 2 



— (A" ou t) 

(F D 2 ut ) - (U out ) 2 . Note that (AX out ) 2 (AU out ) 2 = 1/16 , 



and (Ay out ) 2 



like it should be for a minimum uncertainty field state. 
If the nonlinear coupling vanishes, then (AX out ) 2 = 
(AF out ) 2 = 1/4, as it should be for a coherent state (in- 
cluding the particular case of the vacuum state). How- 
ever, in general, Eqs. i|18|) and l|19l) show that 1/4 < 
(AX out ) 2 < oo and < (AU out ) 2 < 1/4. The reduction 
parameter r = 2|£|, assuming (Ay out ) 2 



-/4, is 



-2 In 



+ y/K a Kb 



(20) 



We have shown, in principle, that quadrature Y out at 
the output can achieve perfect squeezing (AYout) 2 = 0, 
when O = y?n a Kb (r — > 00), at the expense of large fluc- 
tuations in X out . Clearly, feedback and saturation effects 
will prevent perfect squeezing from happening but those 
considerations are beyond the scope of this work. This 
limiting situation, known for the degenerate case, is still 
valid for nondegenerate two-mode squeezing in presence 
of classical drivings at the input. Note that, even if the 
fluctuations in Eqs. (|T%)) and do not depend on the 
driving parameters e a and e&, these yield effective dis- 
placements at the output, see Eq. i|17|) . with amplitudes 



O 2 



(21) 



This fact suggests that the output field could be in- 
terpreted either as a two-mode two-photon coherent 
state 11], S(C eB )D{a vB )D(fi eB )\0), where |£ off | = r/2 
is given by Eq. (|2*U|) and a c g and /3 e ff by Eqs. lj2"T)l or, 
equivalently, as an ideal two-mode squeezed state |l2l . 
D(a' eS )D(P' efl )S(£' eS )\Q). Note that the experimentally 
tuned parameters a e ff and (3 e g diverge under the condi- 
tion of perfect squeezing, = y/K a Kb, and they vanish 
for Kf,e* = Oeh , K a £ b = Oe a . These cases do not violate 
energy conservation and are consistent with the model. 

In conclusion, we have presented a method to imple- 
ment effectively and efficiently single mode and two-mode 



field squeeze operators. This is realized through a suit- 
able laser system acting on an atomic cloud inside a cav- 
ity, implementing degenerate and non-degenerate para- 
metric amplification in a novel manner. The collective 
action of the atoms in the cloud yields enhancement of 
the squeeze parameter that is proportional to the number 
of atoms and the interaction time. This unitary proce- 
dure squeezes any field state and in particular the initial 
vacuum field. By means of the input-output theory, we 
have shown that it is possible to generate conditions for 
approaching perfect squeezing and ideal squeezed states 
at the cavity output in a controlled manner. Extensions 
to the case of ring cavities are straightforward and may 
simplify the requirements of the present proposal. Ex- 
perimental achievement of these goals should contribute 
to the study of fundamental aspects in quantum noise re- 
duction, and to the implementation of diverse quantum 
communication schemes, like entanglement distribution 
and remote exchange of quantum information. 
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